In this study, we present a complete experimental and theoretical investigation of the fundamental exciton Zeeman splitting in wurtzite InP NWs. We determined the exciton gyromagnetic factor, g exc , by magneto-photoluminescence spectroscopy using magnetic fields up to 29 T. We found that g exc is strongly anisotropic with values differing in excess of 50% between the magnetic field oriented parallel and perpendicular to the nanowire long axis.
larger than in bulk zincblende InP and it shows a marked sublinear dependence on the magnetic field, a common feature to other non-nitride III-V wurtzite nanowires but not properly understood. Remarkably, this nonlinearity originates from only one Zeeman branch characterized by a specific type of light polarization. All the experimental findings are modelled theoretically by a robust approach combining the kp method with the envelope function approximation and including the electron-hole interaction. We revealed that the nonlinear features arise due to the coupling between Landau levels pertaining to the A (heavy-hole like) and B (light-hole like) valence bands of the WZ crystal structure. This general behavior is particularly relevant for the understanding of the spin properties of several wurtzite nanowires that host the set for the observation of topological phases potentially at the base of quantum computing platforms.
KEYWORDS Wurtzite III-V nanowires, Zeeman splitting, kp calculations, excitons, magnetophotoluminescence, carrier gyromagnetic factor The value of the gyromagnetic factor, g-factor, of electrons and holes in solids dictates their spin response to applied magnetic fields ( B  ) and reflects the strength of relativistic effects acting on carriers 1 . In recent years, the investigation of the spin properties (such as value and anisotropy of the g-factor) of semiconducting nanowires (NWs) has attracted a lot of interest because these properties determine the conditions to detect Majorana fermions that are the main candidates for topological quantum-computation 2 . While the spin properties of III-V NWs with a zincblende (ZB) crystal structure are well known due to the similarity with the same material in the bulk form, this is not the case of NWs with the wurtzite (WZ) crystal phase, as WZ does not exist in the bulk counterpart of many important non-nitrides III-V semiconductors, such as GaAs, InP and InAs.
In all materials, the investigation of g-factors has also a fundamental importance because the comparison between the values experimentally determined and those theoretically calculated offers a stringent test for band structure calculations. In particular, the dependence of the g-factor on the relative direction between B  and specific crystallographic directions of the lattice can provide insightful information about the symmetry characteristics of the underlying electronic structure 3, 4, 5 . This fact manifests in expressions of the Zeeman splitting (ZS) that may differ considerably depending on the experimental configuration employed. In the case of C 6V symmetry pertinent to the WZ NWs investigated in this work, the energy of the Zeeman split components of the exciton are given by 
where is the spin vector component ( = ±   1 2 ), B is the Bohr magneton, is the emitted photon wavevector, ĉ is the [0001] axis of the WZ lattice (corresponding to the axial direction in NWs, as depicted in the insets in Figure 1 ) and 56 is the electron-hole exchange energy separating spin-allowed 5  (bright) and spin-forbidden 6  (dark) excitons within the dipole approximation 9 .  5/6 is the mixed state resulting when an external perturbation (e.g, a magnetic field) breaks the WZ crystal symmetry 6, 7, 8 . Finally, DS F/V is the exciton diamagnetic shift relative to the Faraday (F, ⃗ ∥ ) and Voigt (V, ⃗ ⊥ ) configurations. "e" and "h" subscripts refer to electron and hole related parameters, respectively. Therefore, a linear and quasi-linear dependence on B is expected for B  parallel and perpendicular to , respectively, each being ruled by a different g-factor (labeled in Eq. (1) as ∥ and ⊥ , respectively). Departures from these behaviors may occur whenever g is field-dependent, a case that was most observed in quantum wells and ascribed to the coupling between heavy-and light-hole subbands 10, 11, 12, 13, 14 .
No similar effects were reported in bulk materials, while a B-dependent g was first observed in NWs featuring the WZ crystal phase (InP, GaAs, and InGaAs) 8, 15, 16 but never modeled. Since the size of those WZ NWs rules out carrier quantum confinement effect, the observation of the magnetic field dependence of the g-factor has to be attributed exclusively to the WZ phase, which is not found in bulk, and not to the NW shape/size. Finally, the observation of Majoranalike behavior was reported in InAs WZ NWs 2, 17 , where a field-dependent g-factor of carriers could be potentially relevant to unveil the associated phenomenon.
In this work, we measured by magneto-photoluminescence (PL) and modelled with the kp method the exciton Zeeman splitting in WZ NWs. For this kind of combined approach, we focus on InP NWs, which is the NW III-V system where most of the main band structure properties have been best established to date. 18 Magnetic fields as high as 29 T were used in two different experimental geometries: ⃗ ∥ ∥̂ (Faraday) and ⃗ ⊥ ∥̂ (Voigt). In the latter case, the exciton ZS data follow Eq. (2) with  , e g in excellent agreement with our theoretical expectations based on a multi-band kp theory involving a novel multiband kp Hamiltonian. In the Faraday configuration, instead, the exciton ZS exhibits a strongly nonlinear field-dependence and only at low fields (B<5 T) the calculated g-factors via the kp model can account for the experimental results. We explain the experimental data at large magnetic fields by developing a general description that takes into account the spatial dependence of the vector potential in the kp Hamiltonian. In particular, we find that the admixing between wavefunctions of the A (heavyhole, HH, like) and B (light-hole, LH, like) valence bands (VBs) characteristic of the WZ lattice leads to the observed nonlinear behavior of the exciton ZS for ⃗ ∥ ∥. It is noteworthy that this non linearity is borne by just one (Γ 5 + ) of the two Zeeman split components. We show that this finding can be traced back to the interplay between the symmetry of the VB wavefunctions and their spin. Finally, we obtain a quantitative agreement with the experimental data for all field geometries by including the exciton effects.
The InP NW samples investigated in this work were grown by selective-area-epitaxy (SAE) and by the vapor-liquid-solid (VLS) method. In both cases, the NWs exhibit nearly pure WZ phase and perfect vertical alignment to their respective substrates. Details about the growth and the optical properties of SAE and VLS NWs can be found in Refs 8 and 19, respectively. The insets in Figure 1 show the scanning electron microscopy images of the SAE NWs, on which the measurements presented in this paper were performed. The NWs have an average diameter and height of 650 nm and 5 m, respectively, thus allowing us to assume these NWs as bulk-like materials where quantum confinement is negligible. We also stress that the experimental data we reported here are independent of the NW morphological characteristics, such as diameter, length, as well as of the growth technique employed (SAE or VLS). For PL measurements under magnetic field, the samples were placed in a water-cooled Bitter magnet at T=4.2 K using a bath cryostat. PL was excited by a frequency-doubled Nd:YVO 4 laser (λ=532 nm) focused using a long focal length objective (spot diameter ~10 µm), collected by the same objective, dispersed by a 0.30 m monochromator, and detected by a liquid nitrogen-cooled Si CCD. Polarization of the emitted light was analyzed using a combination of a liquid crystal variable retarder working as a quarter-wave plate and a linear polarizer in order to make all measurements insensitive to the polarization response of the optical set-up. Theoretical investigation was performed under the framework of the kp method, using the recently reported Hamiltonian and InP WZ parameters of Ref. 20 . For the linear Zeeman splitting regime, we calculated the g-factors using a perturbative technique similar to the conventional Roth, Lax, and Zwerdling approach 21 . To capture the nonlinear features, we investigate the single-particle Landau level spectra including the spatial dependence of the vector potential within the envelope function approximation 22 
. The resulting
Hamiltonian is then solved numerically using the finite difference method 23 . Finally, for a more realistic comparison to the experimental exciton Zeeman splitting we included the electron-hole Coulomb effects via the Bethe-Salpeter equation 24 .
The low-temperature (4.2 K) magneto-PL spectra of the WZ InP NWs, showing the band-gap free-exciton (FE) energy region, are displayed in Figure 1 from 0 to 29 T. Panel (a) refers to measurements in which B  was directed parallel to the NW ĉ axis and the luminescence was collected along the ĉ direction ( ⃗ ∥̂∥ ), see inset.  5 denotes the symmetry of the bright exciton formed by the conduction  7C and valence  9V band states of the WZ lattice 25, 26 . . Due to the relative orientation between the field and the luminescence vector, no PL circular dichroism is observed 3, 7, 9, 25 and no circular polarization filtering can be exploited in this case to make the ZS more visible. However, the good spectral resolution along with the small full width at half maximum of the PL bands makes it still clearly visible. Indeed, the PL peaks corresponding to the Zeeman-split 
Energy ( Figure 1 (c) shows the field evolution of the Zeeman-split states resulting from the spectra displayed in panels (a) and (b). In order to determine the energy of the exciton states for the largest range of fields we resorted to the spectrum second derivative 8 . The data are obtained by subtracting the pertinent diamagnetic shift (DS F/V ) from the opposite spin components of the exciton. We recall that DS F/V was evaluated previously via a perturbative approach 8 .
We discuss first the results for the Voigt configuration (open triangles). In this case, the Zeeman-split components can be resolved at all fields only for the  5/6 (L) exciton distribution.
The two Γ 5/6 ± components shift at the same rate following Equation (2) In order to describe the magnetic field effects that give rise to the above described nonlinear features in the Faraday geometry, we must move beyond the linear g-factor picture described by the simple Eq (1). Thus, we use a more general approach combining the kp method with the envelope function approximation 22, 29 . The total single-particle Hamiltonian of the system can be then written as except that the quantum confinement in our case arises from the spatial dependence of the vector potential. This latter eventually provides the Landau level spectrum of the system.
Furthermore, because of the multiband character of the bulk Hamiltonian, we cannot find analytical solutions. However, we can obtain the numerical solutions by using a finite-difference method in real space, as described in Ref. 23 . Further details of the calculations can be found in section III of SM. The resulting solution of the Hamiltonian in Eq. (3) gives the Landau level
, ,
where fs are the envelope functions, us are the Bloch-functions from the bulk, L labels the Landau level, the coordinate ρ represents the spatial dependence of the vector potential along the specific direction, the summation in l runs over the basis states of the 8 × 8 bulk kp Hamiltonian, and Λ is the area of the system perpendicular to the growth direction. The specific definition of ρ, , and for the vector potentials in Voigt and Faraday are given in Table II We move now to the total excitonic Zeeman splitting observed experimentally obtained in Fig. 1 (c) as energy difference between spin components with opposite helicity. In order to provide a reliable comparison to the experimental results, we included the effects of the exciton interaction following the effective Bethe-Salpeter equation (BSE) 24, 36 given by
being the single-particle energy differences between conduction and valence bands, and   is the energy of the λ-th exciton state.
, ( ⃗ ) is the exciton envelope function and
is the direct Coulomb interaction taking into account the anisotropic potential due to the distinct dielectric environment in WZ ( Oreg, Majorana zero modes in superconductor-semiconductor heterostructures, Nature Reviews Materials 3, 52 (2018). 
38
For values of magnetic field below 8 T, additional LLs are required to provide a reliable convergence of the excitonic effects, which would drastically increase the computational time without adding new physics to the description. Moreover, we can observe that decreasing the magnetic field the exciton curves converge to the single-particle result.
I. Polarization-resolved magneto-PL spectra 
II. Effective g-factors from theory
Within the theoretical framework of the k.p method, it is possible to calculate the values of effective g-factors for different energy bands [1] [2] [3] [4] . The inclusion of external magnetic field in the bulk Hamiltonian with spin-orbit coupling (SOC) can be performed using the minimal coupling p → p + e A( r) and adding the Zeeman term 4 . Since we are interested in the effect of uniform magnetic fields, we can choose 5 A = 1 2 B × r, which satisfies ∇ · A = 0. In the resulting Hamiltonian, we can identify the following terms linear with the magnetic field B that leads to an effective Zeeman splitting (ZS):
in which we have identified the two distinct contributions L and S. Although the term S is purely spindependent (composed by the Pauli matrices, σ, and the bare electron g-factor, g 0 ), the term L has both orbital and spin contributions due to the Π operator, given by:
Focusing on a spin-degenerate pair of bands at Γ-point of InP wurtzite (WZ) calculated by the k.p Hamiltonian of Ref. [6] , i.e., conduction band {CB ⇑, CB ⇓}, heavy hole {HH ⇑, HH ⇓}, light hole {LH ⇑, LH ⇓} or crystalfield split-off hole {CH ⇑, CH ⇓}, we can project the effective Zeeman Hamiltonian (1) in these eigenstates to extract their respective g-factors. Within this approach, each band is described by an effective Zeeman term of the form:
in which τ are the Pauli matrices written in the Γ-point states and the effective g-factor g band α is obtained after evaluating the matrix elements of the S and L terms, given by
with {α, β, γ} = {x, y, z}, or cyclic permutations. To replace the r operator in the L term, we used the relation
For the evaluation of expression (5), there are two points we should stress. First, it is helpful to notice that the matrix elements a Π b are essentially the matrix elements of the Hamiltonians H (1) kp and H (1) kSO , presented in Ref. [6] . Second, because of the interband SOC term ∆ 4 at Γ-point, the states for CB, LH and CH cannot be found analytically. Therefore, instead of carrying such numerical coefficients and deriving long expressions for the g-factors, we focus only on the numerical calculations to obtain the g-factors specifically for InP WZ. We note, however, that within the conventional 8×8 WZ (without the additional SOC terms), the expressions for CB g-factors follow the results of Hermann and Weisbuch 2 . In Table I we show the calculated values of the effective g-factors in the two magnetic field directions B x (Voigt) and B z (Faraday) for the energy bands at Γ-point CB, HH, LH and CH. As a general trend, g x (equal to g y ) and g z are different, highlighting the anisotropic feature of WZ structure, and except for CH band, we have |g z | > |g x |. Table I : Calculated g-factors for the different energy bands of InP WZ. Due to the symmetry of the k.p Hamiltonian, we have gx = gy = gz. In our notation, the z (x, y) direction is parallel (perpendicular) to the c-axis of the WZ structure.
CB
HH LH CH g x 1.29 0.00 -3.94 5.10 g z 1.61 -3.05 5.12 0.47
III. Landau levels
The Hamiltonian given by the equation (3) in the main text of the manuscript [with wavefunctions given in eq. (4)] that provides the Landau level (LL) physics of the system is essentially a set of coupled differential equations in real space which does not allow analytical solutions. We can solve it numerically by introducing finite differences approach 7 with constant material parameters. By choosing the vector potential with a single spatial dependence, the computational demand of the numerical calculations is greatly reduced. As a consequence of this choice in the vector potential form, we have two quantum numbers in k space: k B , which is parallel to the magnetic field, and k A , which is parallel to the vector potential. The spatial dependence of the vector potential is denoted by the coordinate ρ. In this notation of k B , k A and ρ (which are related to x, y, z coordinates depending on the direction of magnetic field and choice of vector potential). The choices of vector potentials and directions of k B , k A and ρ for B x and B z are summarized in Table II . For the numerical calculations, we used a spatial length of L = 200 nm and 2N + 1 discretization points with N = 200 (we define the space from −L/2 to L/2 with N points to each side plus the point at zero). Therefore, we have roughly 1 point every 0.5 nm. We emphasize that within the envelope function approximation, the terms in the Hamiltonian are naturally symmetrized. Furthermore, it is important to notice that some second order terms in k might need to be treated as first order derivatives due to the coupling with the vector potential, for instance k α k β ∼ ∂ ∂α A β (α). Table II : Notation for the direction of applied magnetic field, the choice of vector potentials and the k vectors.
A. Nonlinear features in Faraday configuration
In the Fig. 2 of the main text of the manuscript we showed that the nonlinear features of the ZS happen in the valence band due to the peculiar mixing of HH and LH LLs with different indices. Particularly for the Faraday configuration (B along along the NW axis) our experimental data ( Fig. 1(c) of the main text) shows that the nonlinear features appear to only one type of light polarization. Our calculations support such findings by showing that indeed the nonlinearity is spin-selective, appearing only to the LL branch resulting from the couple of HH and LH with spin up states.
In order to provide additional insight on this finding, we can understand the couplings that give rise to the nonlinear features for the top LLs by looking at the WZ k.p Hamiltonian and at the composition of HH and LH states. In bulk InP, HH ⇑(⇓) is composed purely by the |c 1 (|c 4 ) basis state and LH ⇑(⇓) is composed mainly, ∼80%, by the |c 2 (|c 5 ) basis state. Furthermore, HH and LH states in WZ are split by an energy value of ∼35 meV 6 . For this particular basis states that matter to our discussion, |c 1 and |c 2 are purely spin ↑, while |c 4 and |c 5 are purely spin ↓ states (for the complete basis set of the WZ Hamiltonian and their particular symmetry, please refer to Eq. 4 of Ref. [6] ). The leading coupling between such states in the WZ k.p Hamiltonian is given by the second order k.p term (shown in the Appendix B of Ref. [6] ) and it reads (leaving aside some constants)
with k ± = k x ± ik y . In the framework of the envelope function approximation, the wavevectors k x and k y are the replaced by the operators given in Table II according to the choice of the magnetic field and choice of vector potential. For B = Bẑ and A = Bxŷ it reads
For the k 2 − and k 2 + operators, we can show that using the relations of Eq. (8) they can be written as the ladder operators ("creation", a † , and "annihilation", a) of the quantum mechanical harmonic oscillator so that:
Introducing these operators to the WZ k.p Hamiltonian in the envelope function approximation, we end up with the following selection rules between HH and LH LL-states
in which, for instance, f n,HH⇑ (x) is the envelope function with HH ⇑ character with n nodes. Focusing on the HH envelope function with n = 0, we verify from the selection rules presented in Eqs. (10) that the coupling between HH and LH states with spin up is achived for m = 2. On the other hand for spin down coupling between HH and LH states the requirement is m = −2, which cannot be satisfied since the number of nodes must be ≥ 0. Therefore, only HH and LH states with spins up are coupled (HH wavefunction with 0 node and LH with 2 nodes) leading to the nonlinear dispersion observed in Fig. 2 of the main text. Such analysis with the quantum mechanical harmonic oscillator also holds if a different gauge is considered for the vector potential such as the symmetric gauge A = −Byx or even A = B 2 (xŷ − yx). Such coupling between HH and LH states can be visualized in analogy to the optical orientation selection rules 8 in the bulk WZ structure, shown in Fig. 2(a) . For the light polarization with a particular helicity (S − , for instance) only spin up transitions from HH to CB are allowed. In order to activate the transitions for spin down, the helicity of the incoming light should be reversed. For the LL coupling depicted in Fig. 2(b) , an analogous mechanism holds. Considering an applied magnetic field oriented alongẑ, only HH and LH states with spin up can be coupled and therefore give rise to the branch with nonlinear dispersion. Reversing the orientation of the magnetic field to −ẑ would then allow the coupling between HH and LH states with spin down [we can see from Eq. (9) that by changing the sign of the magnetic field to −B, the role of the ladder operators is reversed so that now k 
B. Band structure of Landau levels outside k=0
For the understanding of the origin of the nonlinear ZS features discussed in Fig. 2 of the main text and in the previous subsection here in the Supplemental Material, we can restrict our analysis to the energy levels and wavefunctions at k B = k A = 0. Although the main optical features follow the trends of k = 0, we can expect additional contributions of nonzero k-points in order to obtain a more quantitative comparison to the experimental ZS. In Fig. 3 we show the energy dispersion of the LLs with respect to k B and k A for B x and B z at exemplary values of magnetic field of 10 T and 20 T. As we move away from the point k B = k A = 0, we observe the interplay of intrinsic SOC effects and magnetic field, which ultimately leads to a k-dependent ZS. To take into account the contributions of nonzero k B and k A quantum numbers in the ZS, we must deal with excitonic effects via the electron-hole Coulomb interaction, which couples conduction and valence band states via the Coulomb interaction at different k-points. The details for the inclusion of the excitonic effects is discussed in the next section of the Supplemental Material. 
IV. Excitonic effects
In this study, we are interested in electron-hole pairs optically generated by direct interband transitions at low temperature. Therefore, we focus on direct excitons with zero momentum at zero temperature. Formally, the mathematical treatment of excitons follows the effective BSE 9,10 , given by the expression (4) in the main text of the manuscript which we repeat here for completeness:
in which E c ( k) and E v ( k) are the single-particle conduction and valence states (for instance, shown in Fig. 3 for B = 10 T and B = 20T), k is the wave vector given by k B and k A (according to Table II) , Ω λ is the energy of the λ-th exciton state with wave function given by
The direct Coulomb term,
with v( r, r ′ ) being the bare Coulomb potential for WZ materials, given by
with ε xx = ε yy = ε zz and values extracted from Ref. [11] . Before discussing the excitonic effects with magnetic field it is important to mention here that for the bulk case of InP WZ, we found an exciton biding energy of ∼7.6 meV considering only the HH band and estimated ∼9% decrease with inclusion of LH and CH bands. This theoretical result of ∼6.9 meV is in good agreement with the experimental estimation of 6.4 meV 12, 13 . For the case with magnetic field, the direct Coulomb interaction can be expressed in a similar form as if we had a quantum well confinement [14] [15] [16] , since both cases are treated via the EFA within the k.p method and have the quantum confinement along a single direction. We can then write D cv k c ′ v ′ k ′ using the single-particle wave functions [equation (4) of the main text], which reads
with When dealing with excitons, convergence analysis with respect to the k-space and number of conduction and valence band states should be analyzed. Focusing on the two fundamental bright excitons, denoted here S1 and S2, that contribute with opposite light polarization, we show in Fig. 4 the convergence with respect to the number of k-points for the exciton biding energy, the relative error of the energy, the ZS and the relative error of the ZS for both magnetic field configurations (B x and B z ). For this analysis, we considered only the first LLs (top most in valence band and bottom most in conduction bands) and plotted the behavior with respect to 1/(2*N k +1) with N k ranging from 1 to 20. We found that although the exciton biding energy decreases considerably as we increase N k , which is necessary to achieve convergence and reduce the relative error, the exciton ZS is a robust property and converges much faster. Now looking at the convergence with respect to the number of LLs, in Fig. 5 we show the convergence of the exciton biding energies and the ZS for B x and B z configurations at 10 T as function of the number of LLs in conduction and valence bands (each LL contains both spin configurations). We found that although the exciton biding energies change ∼1.7 meV, the ZS changes only 0.0638 meV for B z and 0.0408 meV for B x . Furthermore, by increasing the strength of the magnetic field, the LLs become more energetically spaced, so that the contribution of additional LLs in the ZS should decrease even more. As a consequence, the excitonic 
V. Vapor-liquid-solid (VLS) vs selective area epitaxy (SAE) nanowire
In this section we show that the conclusions drawn in the manuscript for SAE InP NWs also hold for NWs formed via the VLS growth mode. The morphological characteristics of the two systems determined by scanning electron microscopy are displayed in Fig. 7(a) . The SAE NWs have diameter and height equal to 650 nm and 5 µm, respectively. VLS Au-catalyzed NWs exhibits a tapered shape with approximate tip and base diameters of 30 nm and 200 nm, respectively. The NW length is about 2 mm and most of the luminescence originates from the NW base as detailed in Ref. [17] . Figure 7 (b) compares the ZS in Faraday and Voigt configuration for SAE (smaller colored symbols; already reported in the main text) and VLS (larger gray symbols). The comparison with the theory for excitons is also shown (solid lines). The two sets of data agree very well between them. Figure 8 shows the field dependence of the σ + and σ − components of the exciton ZS in the Faraday geometry for the VLS NWs. Similar to the SAE NWs (see Fig. 1 in the main text) , the nonlinear behavior is due to the Γ + 5 component. [18] ). The same behavior shown in Fig. 1(c) of the main text for SAE NWs can be noted.
VI. Zeeman splitting: WZ nanowires vs ZB bulk
In this section, we compare the extent and field dependence of the Zeeman splitting (ZS) in WZ NWs and in a bulk InP sample (ZB). This latter consists of a thick layer (3 µm) of InP grown epitaxially on an InP substrate similar to that on which the NWs were grown. Figure 9 shows the field dependence of the ZS in Faraday geometry ( B q) for WZ NWs (same data shown in Fig. 3 of the main text) and ZB bulk InP. This latter exhibits a smaller ZS (resulting in an exciton gyromagnetic factor equal to 1.43) and the absence of nonlinear effects with magnetic field. In fact, by inspecting the HH-LH block in the conventional LuttingerKohn k.p Hamiltonian 19 using a similar approach of Sec. III A we can identify that all the couplings are linear in magnetic field and due to HH-LH degeneracy in ZB, a linear behavior is expected and indeed observed in Fig. 9 . Fig. 3 of the main text) and of bulk ZB InP (circles). The relative orientation of magnetic field and emitted photon wavevector q is B q. The solid line is a fitting to the ZB data resulting in an exciton gyromagnetic factor equal to 1.43.
